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On weak generalized stability
and (c, d)-pseudostable random variables
via funtional equations
Dediated to the memory of Andrzej Lasota
W. Jarzyk and J. K. Misiewiz
∗
Abstrat
In this paper we give a rst attempt to dene and study stable dis-
tributions with respet to the weak generalized onvolution, fousing
our attention on the symmetri weakly stable distribution. As in the
ase of the lassial onvolution, haraterization of distributions sta-
ble in the sense of the weak generalized onvolution depends on solving
some funtional equations in the lass of harateristi funtions.
Key words: weakly stable distribution, symmetri stable distribution,
ℓα-symmetri distribution, generalized onvolution, sale mixture, funtional
equation, onvexity
Mathematis Subjet Classiation: 60A10, 60B05, 60E05, 60E07, 60E10,
39B22, 26A51.
1 Introdution
The investigations of weakly stable random variables started in the seven-
ties in the papers of Kuharzak and Urbanik (see [11, 24℄). Later a series
of papers on weakly stable distributions written by Urbanik, Kuharzak
∗
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Góra, ul. Szafrana 4A, 65-516 Zielona Góra, Poland
This paper was partially written while the seond author was a visiting professor of Delft
Institute of Applied Mathematis, Delft University of Tehnology, Holland
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and Vol'kovih was published (see e.g. [12, 29, 30, 31℄). Reently a paper
written by Misiewiz, Oleszkiewiz and Urbanik (see [17℄) appeared, where
one an nd a full haraterization of weakly stable distributions with non-
trivial disrete part, and a substantial attempt to haraterize weakly stable
distributions in the general ase.
In stohasti modeling of real proesses, using independent random vari-
ables or Gaussian proesses in a variety of onstrutions turned out to be not
suient or adequate. Multidimensional stable distributions have nie lin-
ear properties and enable more ompliated strutures of dependenies, thus
reently the role of stable proesses in stohasti modeling is growing. On
the other hand stable distributions are very diult in alulations. However
there are some eient tehniques for their omputer simulation.
In this situation weakly stable distributions and proesses seem to be
good andidates for use in stohasti modeling. They extend Feller's idea of
subordinated proesses. They have nie linear properties, namely: if (Xi)
is a sequene of independent identially distributed random vetors with a
weakly stable distribution, then every linear ombination
∑
aiXi has the
same distribution as X1 · θ for some random variable θ independent of X1.
This ondition holds not only when (ai) is a sequene of real numbers, but
also when (ai) is a sequene of random variables suh that (ai) and (Xi)
are independent. This means that dependene struture of the linear om-
bination
∑
aiXi and dependene struture of the random vetor X1 are the
same, and the sequene (ai) is responsible only for the radial behavior. More-
over, weak stability is preserved under taking linear operators, projetions
or funtionals. On the other hand, radial properties of distribution an be
arbitrarily dened by hoosing a proper random variable θ independent of
X1 and onsidering the distribution of θ ·X1. Similar properties of tempered
stable distributions (see e.g. [20℄) are the reason why they are so important
now in statistial physis modelling turbulene, or in mathematial nane
for modelling stohasti volatility.
In this paper we develop the idea of distributions stable with respet to a
generalized onvolution dened by weakly stable variables. In this onstru-
tion the weakly stable variable plays the role of a atalyst in the presene of
whih the underlining proess an develop. This weakly stable variable an
be also treated as a lter, so that we observe the original proess only by its
ltered values. In this sense, we want to haraterize distributions whih are
stable after ltering.
By P(E) we denote the set of all probability measures on a separable
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Banah spae E (with dual E∗). For simpliity we write P for the set of
all probability measures on R. Moreover, P+ denotes the set of probability
measures on [0,∞). The symbol Φ stands for the set of all harateristi
funtions on R, whereas δx denotes the probability measure onentrated at
the point x ∈ E. If a sequene of probability measures (λn)n∈N onverges
weakly to a probability measure λ, we write λn → λ.
For a random vetor (or random variable) X, we write L(X) for the
distribution of X. For λ ∈ P, λ = L(θ), we write |λ| = L(|θ|). If µ =
L(X) ∈ P(E), then the harateristi funtion µ̂:E∗ → C of the measure µ
(of the random vetor X) is dened by
µ̂(ξ) = E exp {i < ξ,X >} =
∫
E
exp {i < ξ, x >}µ(dx).
For random vetors X,Y, we write X
d
= Y for L(X) = L(Y). If X and Y
are independent random vetors then L(X+Y) is the onvolution of L(X)
and L(Y), denoted by L(X) ∗ L(Y).
For t ∈ R, a resaling operator Tt:P(E) → P(E) is dened as follows:
Ttµ(A) =
{
µ(A/t) if t ∈ R \ {0},
δ0(A) if t = 0.
It is easy to see that if µ = L(X) then Ttµ = L(tX). The sale mixture µ ◦λ
of the measure µ ∈ P(E) with respet to the measure λ ∈ P is dened by
µ ◦ λ(A) =
∫
R
Ttµ(A)λ(dt).
If µ = L(X) and λ = L(θ) with X and θ independent, then µ ◦ λ = L(Xθ).
A random vetor X with the distribution µ on a real separable Banah
spae E is weakly stable i
∀ a, b ∈ R ∃ θ aX+ bX′ d= Xθ, (A)
where X
′
is an independent opy of X and the random variable θ is inde-
pendent of X. It was proved in [17℄ that X is weakly stable if and only
if
∀ θ1, θ2 ∃ θ θ1X+ θ2X′ d= Xθ, (B)
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where θ1, θ2 are real random variables suh that θ1, θ2,X,X
′
are independent
and the random variable θ is independent ofX. In the language of probability
measures, the ondition (B) an be written as
∀λ1, λ2 ∈ P ∃λ ∈ P (µ ◦ λ1) ∗ (µ ◦ λ1) = µ ◦ λ, (C)
for λ, λi the distributions of θ, θi, i = 1, 2. It was shown in [17℄ that the
measure λ is uniquely determined if the measure µ is not symmetri. For a
symmetri measure µ, we only have uniqueness of the measure |λ|.
The best known examples of weakly stable random vetors are symmet-
ri stable vetors, and in this ase the random variable θ appearing in the
ondition (A) is a onstant, θ ≡ (|a|α + |b|α)1/α for some α ∈ (0, 2]. Another
family of weakly stable distributions onsists of uniform distributions ωn on
unit spheres Sn−1 ⊂ Rn and their lower-dimensional projetions.
It was shown in [17℄ that if a weakly stable distribution µ ontains a
disrete part, then it is disrete and either µ = δ0, or µ =
1
2
δa +
1
2
δ−a for
some a ∈ E r {0}. From now on we will assume that the onsidered weakly
stable measure µ is non-trivial in the sense that it is not disrete.
We an now dene a generalized weak onvolution ⊕ = ⊕µ for any non-
trivial weakly stable measure µ.
Denition 1 Let X be a non-trivial random vetor with the weakly stable
distribution µ. The weak generalized onvolution ⊕ of measures λ1, λ2 ∈ P
is dened by
λ1 ⊕ λ2 =
{
λ if µ is not symmetri,
|λ| if µ is symmetri,
where λ ∈ P is suh that (µ ◦ λ1) ∗ (µ ◦ λ2) = µ ◦ λ. For two independent
random variables θ1 and θ2 with distributions λ1 and λ2 respetively, the weak
generalized sum θ1 ⊕ θ2 is the random variable dened by
θ1X+ θ2X
′ d= X (θ1 ⊕ θ2) ,
where θ1, θ2,X,X
′
are independent, the random variable θ1⊕θ2 is independent
of X and L(θ1 ⊕ θ2) = λ1 ⊕ λ2.
The operation ⊕ in P is ommutative and assoiative. Moreover, as
shown in [18℄, the following onditions hold:
(i) the measure δ0 is the unit element, i.e. δ0⊕ λ = λ for all λ ∈ P if µ is not
symmetri and δ0 ⊕ λ = |λ| for all λ ∈ P if µ is symmetri;
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(ii) (pλ1+ qλ2)⊕λ = p(λ1⊕λ)+ q(λ2⊕λ), whenever λ, λ1, λ2 ∈ P and p > 0,
q > 0, p + q = 1 (linearity);
(iii) (Taλ1)⊕(Taλ2) = Ta(λ1⊕λ2) for any λ1, λ2 ∈ P and a > 0 (homogeneity);
(iv) if λn → λ0 then λn ⊕ λ→ λ0 ⊕ λ for all λ ∈ P (ontinuity).
The idea of generalized onvolutions has been extensively studied after it
was introdued by K. Urbanik in 1964 [25℄. The denition proposed by K.
Urbanik is as follows:
A ommutative and assoiative binary operation ⋄ : P+ × P+ → P+
is alled a generalized onvolution if it satises onditions (i)÷(iv) with ⊕
replaed by ⋄ and the following ondition holds:
(v) there exists a sequene (cn)n∈N of positive numbers suh that the sequene
(Tcnδ
⋄n
1 )n∈N weakly onverges to a measure dierent from δ0.
The rst, but not the most important dierene between the denition
of generalized onvolution ⋄ given by K. Urbanik and the denition of weak
generalized onvolution ⊕ is the domain, i.e. ⊕ : P → P. This implies, in
partiular, that most of the methods used in studying generalized onvolu-
tions annot be diretly applied for weak generalized onvolutions. Another
dierene is that the weak generalized onvolution have properties (i), (ii),
(iii) and (iv), but, in general, not (v). In spite of this disadvantage, we do not
have to assume that the algebra (P,⊕µ) is regular, i.e. that there exists a
non-trivial homomorphism of (P,⊕µ) into a omplex eld. The assumption
that there exists a non-trivial homomorphism from (P+, ⋄) into the positive
half-line was ruial in studying generalized onvolutions. In the ase of the
weak generalized onvolution ⊕µ we have that for every ξ ∈ E∗ the formula
hξ(λ) =
∫
R
µ̂(tξ)λ(dt)
denes a homomorphism of (P,⊕µ) into a omplex eld. Moreover, if the
weakly stable measure µ is non-trivial, then there exists ξ ∈ E∗ suh that hξ
is non-trivial.
Talking about the homomorphism and treating the set P as an algebra
we underline here that P is equipped with the generalized onvolution ⊕µ as
a binary operation and with resaling measures operator Tt, t ∈ R, whih an
be treated as multipliation by salars. Moreover, we see that onvex linear
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ombinations of probability measures are also probability measures, thus P
an be treated as a subset of some linear spae.
In this paper we onsider only symmetri weakly stable distributions µ,
thus the funtions hξ, ξ ∈ E∗, and µ̂ are real-valued. Moreover, for symmetri
µ we know that µ ◦ λ = µ ◦ |λ|, so we an restrit our attention to the set
(P+,⊕µ) instead of (P,⊕µ).
The paper is organized as follows. In setion 2 solve a funtional equa-
tion, whih will be needed later. In setion 3 we desribe the problem of
haraterizing stable distributions with respet to the generalized onvolu-
tion ⊕µ. The desription of stritly stable distributions in this sense is given
in subsetion 3.1. In the following subsetions we disuss the possibility of
having oasionally some strange behavior of the funtion d. The last subse-
tion ontains disussion of the general ase of stable, but not stritly stable,
distributions in the sense of the generalized onvolution ⊕µ.
2 Funtional equation
Let F be the set of all ontinuous funtions f : [0,∞)→ R suh that f(0) = 0
and 0 is an isolated point of the set {x ∈ R: f(x) = 0}.
Theorem 1 Let a, b ∈ (0,∞) and let f ∈ F be a solution of the funtional
equation
f(t) = f(at) + f(bt). (1)
Then a, b ∈ (0, 1) and there exist p > 0 and a ontinuous funtion H : (0,∞)→
R \ {0} suh that H(t) = H(at) = H(bt) for every t > 0, and
f(t) = tpH(t), t > 0.
Moreover, if ln a/ln b is irrational then the funtion H is onstant.
The proof of Theorem 1 is based on a series of lemmas. The rst one an
be easily proved by mathematial indution.
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Lemma 1 Let a, b ∈ (0,∞) and let f : [0,∞)→ R be a solution of equation
(1). Then for every n ∈ N and every t ∈ R we have
f(t) =
n∑
k=0
(
n
k
)
f
(
akbn−kt
)
.
✷
Lemma 2 Let a, b ∈ (0,∞). If (1) has a solution in the lass F then
a, b ∈ (0, 1).
Proof. Let f ∈ F be a solution of (1). Without loss of generality we may
assume that b 6 a and f(x) > 0 for every x ∈ (0, u) with some u > 0. Then
for every t ∈ (0, u) we have ba−1t ∈ (0, u) and, onsequently,
f(t) = f(aa−1t) = f(a−1t)− f(ba−1t) < f(a−1t).
If a > 1 this and mathematial indution would imply that f(t) 6 f(a−nt)
for every n ∈ N, and by the ontinuity of f we would have f(t) = 0 for every
t ∈ (0, u). If a = 1 then equation (1) imply that f(bt) = 0 for eah t > 0. In
both ases f 6∈ F whih ontradits our assumption. Therefore a < 1. ✷
Lemma 3 Let a, b ∈ (0,∞) and let f ∈ F be a solution of equation (1).
Then f(t) = 0 if and only if t = 0.
Proof. Assume, for instane, that for some u > 0 we have f(x) > 0 for
every x ∈ (0, u). By Lemma 2 we know that a, b ∈ (0, 1), thus for every xed
t > 0 we an nd n ∈ N large enough to have
akbn−kt ∈ (0, u), k = 0, 1, . . . , n.
Then, by Lemma 1, we have
f(t) =
n∑
k=0
(
n
k
)
f
(
akbn−kt
)
> 0
whih ends the proof. ✷
The proofs of Lemmas 46 below take pattern of some ideas from [9℄ (see
also [1℄).
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Lemma 4 Let i, j ∈ Z. For every α > 0 and β ∈ (0, 2α) there exists
n0 > max{|i|, |j|} suh that for every n > 2n0(
n + i+ j
k + i
)
+ α2
(
n− i− j
k − i
)
> β
(
n
k
)
, k ∈ {n0, . . . , n− n0}.
Proof. Let α > 0 and β ∈ (0, 2α) be xed. Assume rst that i + j > 0.
Then at least one of the numbers i, j, for example i, is nonnegative. There
exists n0 ∈ N suh that n0 > max{|i|, |j|} and(
1− i
n0 + 1
)i(
1− |j|
n0 + 1
)|j|
>
β
2α
.
Fix integers n and k suh that n > 2n0 and n0 6 k 6 n− n0. Then we have(
n+ i+ j
k + i
)
+ α2
(
n− i− j
k − i
)
=
(
n
k
)[
wn +
α2
wn
· (n+ 1) . . . (n+ i+ j)
(n− i− j + 1) . . . n
·
(
1− i
k + 1
)
. . .
(
1− i
k + i
)(
1− |j|
n− k + 1
)
. . .
(
1− |j|
n− k + |j|
)]
,
where
wn =
(n + 1) . . . (n+ i+ j) · (n− k)!
(k + 1) . . . (k + i) · (n− k + j)! .
This implies that(
n + i+ j
k + i
)
+ α2
(
n− i− j
k − i
)
>
(
n
k
)[
wn +
α2
wn
(
1− i
n0 + 1
)i(
1− |j|
n0 + 1
)|j|]
>
(
n
k
)[
wn +
β2
4
1
wn
]
>
(
n
k
)[
β
2
+
β2
4
2
β
]
=
(
n
k
)
β,
where the last inequality follows from the fat that the funtion (0,∞) ∋ x 7→
x + β2/4x attains its minimal value at x = β/2. In the ase i + j < 0 it is
enough to replae i, j, α, β by −i,−j, 1/α, β/α2, respetively, in the previous
reasoning. ✷
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Lemma 5 Let a ∈ (0,∞), b ∈ (0, 1) and let f : [0,∞) → R be a solution
of (1) ontinuous at zero and suh that f(0) = 0. Then for every k ∈ N and
every t > 0 we have
f(t) =
∞∑
n=k
(
n
k
)
f
(
ak+1bn−kt
)
.
In partiular, for every k ∈ N, and every t > 0
lim
n→∞
(
n
k
)
f
(
akbn−kt
)
= 0.
Proof. Let t > 0. By mathematial indution we have that for every m ∈ N
f(t) =
m−1∑
n=0
f(abnt) + f(bmt) →
∞∑
n=0
f(abnt),
sine b ∈ (0, 1) and f is ontinuous at zero, so f(bmt) → 0 for m→∞. This
means that we have proved the required equality in the ase k = 0. This
equality will be used in the next step of the proof.
Now let k ∈ N be xed and assume that for eah t > 0
f(t) =
∞∑
n=k−1
(
n
k − 1
)
f
(
akbn−k+1t
)
.
Then we have
f(t) =
∞∑
n=k−1
(
n
k − 1
)
f
(
akbn−k+1t
)
=
∞∑
n=k
(
n− 1
k − 1
)
f
(
akbn−kt
)
=
∞∑
n=k
(
n− 1
k − 1
) ∞∑
j=0
f
(
ak+1bn+j−kt
)
=
∞∑
j=0
∞∑
n=k
(
n− 1
k − 1
)
f
(
ak+1bn+j−kt
)
=
∞∑
i=n
∞∑
n=k
(
n− 1
k − 1
)
f
(
ak+1bi−kt
)
=
∞∑
i=k
[
i∑
n=k
(
n− 1
k − 1
)]
f
(
ak+1bi−kt
)
=
∞∑
i=k
(
i
k
)
f
(
ak+1bi−kt
)
,
whih ends the proof. ✷
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Lemma 6 Let a, b ∈ (0,∞) and let f ∈ F be a solution of (1). Then for
every i, j ∈ Z
f(t)2 6 f
(
a−ib−jt
)
f
(
aibjt
)
, t > 0.
Proof. Lemma 2 yields a, b ∈ (0, 1). By Lemma 3 we may assume, without
loss of generality, that f is positive. Let i, j ∈ Z and α > 0, β ∈ (0, 2α) be
xed. Choose n0 ∈ N for whih the assertion of Lemma 4 holds. Let t > 0
and ε > 0. By Lemma 5 there exists n > 2n0 suh that(
n
k
)
f
(
akbn−kt
)
6
ε
2βn0
and
(
n
k
)
f
(
an−kbkt
)
6
ε
2βn0
for every k ∈ {0, 1, . . . , n0 − 1}. Then(
n
k
)
f
(
akbn−kt
)
6
ε
2βn0
, k ∈ {0, . . . , n0 − 1} ∪ {n− n0 + 1, . . . , n}.
Now, by Lemma 1, we obtain
f
(
a−ib−jt
)
+ α2f
(
aibjt
)
=
n+i+j∑
k=0
(
n + i+ j
k
)
f
(
ak−ibn+i−kt
)
+ α2
n−i−j∑
k=0
(
n− i− j
k
)
f
(
ak+ibn−i−kt
)
=
n+j∑
m=−i
(
n+ i+ j
m+ i
)
f
(
ambn−mt
)
+ α2
n−j∑
m=i
(
n− i− j
m− i
)
f
(
ambn−mt
)
> β
n−n0∑
m=n0
(
n
m
)
f
(
ambn−mt
)
> β
n∑
m=0
(
n
m
)
f
(
ambn−mt
)− ε
= βf(t)− ε.
Sine β was an arbitrary number from the interval (0, 2α) we obtain that for
every t > 0
f
(
a−ib−jt
)
+ α2f
(
aibjt
)
> 2αf(t),
whih implies the required inequality. ✷
The proof of Theorem 1 presented below an be essentially shortened by
using the main result from [14℄. Nevertheless we deided to give an immediate
and elementary argument following some ideas of [9℄. However, rst notie
the following fat onerning subgroups of the multipliative group (0,∞).
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Remark 1. It is well known (f. [8℄, Ch. XXIII, Th. 438) that every
subgroup of ((0,∞), ·) is either of the form {qn:n ∈ Z} with some q ∈ [1,∞),
or is a dense subset of (0,∞). The seond ase ours, for instane, when
at least two elements x, y of the group have non-ommensurable logarithms:
ln x/ln y 6∈ Q or the group ontains elements dierent from one but arbitrarily
lose to it. In partiular, eah subgroup with non-empty interior is equal to
(0,∞).
Proof of Theorem 1. By Lemma 3 we may assume, without loss of
generality, that f(t) > 0 for every t > 0. It follows from Lemma 2 that
a, b ∈ (0, 1). For every t > 0 we dene the orbit C(t) of t by
C(t) =
{
aibjt: i, j ∈ Z} .
Sine C(1) is a subgroup of the group (0,∞), Remark 1 yields that either
ln a/ln b ∈ Q and C(t) = {cjt: j ∈ Z} for some c > 1, or ln a/ln b 6∈ Q and
the set C(t) is dense in (0,∞).
Take t0 > 0 and let G = {lnx: x ∈ C(1)} and A = {ln x: x ∈ C(t0)}.
The funtion F :A 7→ R, dened by F (x) = ln f(ex), is ontinuous and, by
Lemma 6, onvex:
2F (x) 6 F (x− h) + F (x+ h), x ∈ A, h ∈ G.
Therefore, if G = R then, aording to [13℄ VII.3, Th. 2, the funtion
A× (G \ {0}) ∋ (x, h) 7→ F (x+ h)− F (x)
h
is inreasing with respet to eah variable. Clearly the same holds true if the
group G is disrete. In partiular, we obtain that the following limits exist
and do not depend on h:
p− = lim
x→−∞
F (x+ h)− F (x)
h
, and p+ = lim
x→∞
F (x+ h)− F (x)
h
.
Obviously −∞ 6 p− 6 p+ 6 ∞. If p+ = ∞, then, taking x = ln t, h = ln a
and h = ln b, we would have
lim
t→∞
f(at)
f(t)
= 0, and lim
t→∞
f(bt)
f(t)
= 0,
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whih is impossible in view of equation (1). Thus p+ < ∞. Similarly p− >
−∞. Now we have that
lim
t→0
f(at)
f(t)
= ap−, lim
t→∞
f(at)
f(t)
= ap+,
and
lim
t→0
f(bt)
f(t)
= bp−, lim
t→∞
f(bt)
f(t)
= bp+ .
The equation (1) implies that ap−+bp− = 1 and ap++bp+ = 1. As a, b ∈ (0, 1)
there is exatly one real root p of the equation ap + bp = 1; learly p > 0.
Consequently, we get p− = p+ = p.
Notie now that the monotoniity of A ∋ x 7→ h−1(F (x + h) − F (x))
implies the monotoniity of the ontinuous funtions C(t0) ∋ t 7→ f(at)/f(t)
and C(t0) ∋ t 7→ f(bt)/f(t), and thus
f(at) = apf(t), and f(bt) = bpf(t), t ∈ C(t0) \ {0}.
If t ∈ C(t0) then t = aibjt0 for some i, j ∈ Z, so
f(t) = f(aibjt0) = a
pibpjf(t0) =
f(t0)
tp0
tp.
This implies that the positive and ontinuous funtion H on (0,∞), dened
by
H(t) = t−pf(t),
is onstant on every orbit, and thus, in partiular, H(t) = H(at) = H(bt)
for eah t ∈ (0,∞). To omplete the proof it is enough to observe that if
ln a/ln b 6∈ Q then C(t0) = [0,∞) for eah t0 > 0, and thus H is onstant on
[0,∞). ✷
Observe that the property of H in Theorem 1 is similar to that of dou-
ble periodiity in omplex funtion theory, whih goes bak to Jaobi and
Weierstrass (see eg. [4℄, Ch. XIII, XIV).
3 Stable distributions in the sense of the weak
generalized onvolution
In [25℄ K. Urbanik onsidered stable distributions with respet to a gen-
eralized onvolution ⋄. Theorem 4 in [25℄ states that if h is a ontinuous
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homomorphism from P+ to R and for some measure λ ∈ P+ there exists a
sequene (cn)n∈N of positive numbers suh that
Tcnλ
⋄n → λ0 6= δ0,
then there exist positive numbers c and p suh that
h(Txλ0) = exp {−cxp} , x > 0.
The existene of at least one suh measure λ follows from the property (v) of
the denition of the generalized onvolution ⋄; thus we know that for λ = δ1
suh a sequene (cn)n∈N exists. Beause of the form of h(Txλ0) it was natural
to all the measure λ0 stable with respet to the onvolution ⋄.
For the weak generalized onvolution ⊕µ the ondition (v) need not hold,
so we will dene ⊕µ-stable distributions using the lassial linearity ondi-
tions. In this paper we restrit our attention to the symmetri weakly stable
distributions.
Denition 2 Let µ be a non-trivial symmetri weakly stable measure on
a separable Banah spae E. A measure λ ∈ P+ is stable with respet to the
weak generalized onvolution ⊕ = ⊕µ if
∀ r, s > 0 ∃ c(r, s) > 0, d(r, s) ∈ R (Trλ)⊕ (Tsλ) = (Tc(r,s)λ)⊕ δd(r,s).
If for every r, s > 0 we have d(r, s) = 0 then we say that λ is stritly stable
with respet to ⊕.
Remark 2. The ondition in Denition 2 written in the language of
random variables states that there are funtions c: [0,∞)2 → [0,∞) and
d: [0,∞)2 → R suh that
∀ r, s > 0 rXθ + sX′θ′ d= c(r, s)Xθ + d(r, s)X′,
where L(X) = L(X′) = µ, L(θ) = L(θ′) = λ, X,X′, θ, θ′ are independent.
Putting ‖(r, s)‖2 =
√
r2 + s2 for every r, s > 0, (r, s) 6= (0, 0), we have
r
‖(r, s)‖2Xθ +
s
‖(r, s)‖2X
′θ′
d
= c
(
r
‖(r, s)‖2 ,
s
‖(r, s)‖2
)
Xθ + d
(
r
‖(r, s)‖2 ,
s
‖(r, s)‖2
)
X
′,
13
whene
∀ r, s > 0 rXθ + sX′θ′ d= c1(r, s)Xθ + d1(r, s)X′,
where c1 and d1 are given by c1(0, 0) = d1(0, 0) = 0
c1(r, s) = ‖(r, s)‖2 c
(
r
‖(r, s)‖2 ,
s
‖(r, s)‖2
)
,
and
d1(r, s) = ‖(r, s)‖2 d
(
r
‖(r, s)‖2 ,
s
‖(r, s)‖2
)
.
In the other words, in Denition 2 we an always assume that the funtions
c and d are homogeneous:
c(ru, su) = uc(r, s), and d(ru, su) = ud(r, s),
for every r, s, u > 0. Notie also that, sine X has a symmetri distribution,
aX
d
= −aX for every a ∈ R. This implies that without loss of generality
we an assume that d is nonnegative, taking if neessary |d(r, s)| instead of
d(r, s) for every r, s > 0. In what follows we will always do so. On the other
hand, as we will see in Remark 4, the funtions c and d, at least in the ase
of symmetri stable distribution µ = γp, need be neither homogeneous, nor
unique, nor ontinuous.
Notie that for every x ∈ R the measure δx is stable with respet to
the weak generalized onvolution ⊕ = ⊕µ for eah weakly stable measure
µ. Indeed, for every r, s > 0 we have (Trδx) ⊕ (Tsδx) = (Trδx) ⊕ δsx, so the
ondition holds with c(r, s) = r and d(r, s) = sx. Consequently, we will say
that δx is the trivial example of ⊕µ-stable distribution, just as in the lassial
ase.
In order to haraterize stable distributions with respet to the weak gen-
eralized onvolution ⊕µ we hoose rst ξ ∈ E∗ suh that the random variable
< ξ,X >, L(X) = µ, is symmetri and non-trivial. Sine the distribution
µξ = L(< ξ,X >) is weakly stable for eah weakly stable measure µ, we have
that if µξ ◦ λ1 = µξ ◦ λ2 for some λ1, λ2 ∈ P+ then λ1 = λ2.
Following the Urbanik onstrution for every ξ ∈ E∗ we dene a homo-
morphism hξ:P+ → R by the formula
hξ(ν) =
∫
[0,∞)
µ̂(tξ)ν(dt), ν ∈ P+.
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Let ψ(t) = µ̂(tξ), t ∈ R. We see that ψ is the harateristi funtion of
the measure µξ and the funtion R ∋ t 7→ hξ(Ttν) is the harateristi fun-
tion of the measure µξ ◦ ν. From the previous onsiderations it follows that
the funtionals hξ(Tt·), t ∈ R, separate points in P+ in the sense that if
hξ(Ttλ1) = hξ(Ttλ2) for some λ1, λ2 ∈ P+ and for eah ξ ∈ E∗ and t ∈ R,
then λ1 = λ2.
Now for every t ∈ R let ϕ(t) = hξ(Ttλ), where λ ∈ P is stable with respet
to the generalized onvolution ⊕µ. By Denition 2 there exist nonnegative
funtions c and d on [0,∞)2 suh that the funtional equation
ϕ(rt)ϕ(st) = ϕ(c(r, s)t)ψ(d(r, s)t) (2)
is satised. Aording to Remark 2 we an also assume, if neessary, that c
and d are homogenous. We need to solve equation (2) in the set Φ2 of pairs
of harateristi funtions, given by
Φ2 =
{
(ϕ, ψ) ∈ Φ× Φ: ∃ λ ∈ P+ ∀ t ∈ R ϕ(t) =
∫
R
ψ(ts)λ(ds)
}
.
In what follows we onsider four possible, omplementary but not disjoint,
ases onerning the funtion d:
3.1 measures stritly stable with respet to the weak generalized onvolution,
when d(r, s) = 0 for every r, s > 0;
3.2 p-self-deomposable measures with respet to the weak generalized on-
volution, when suh that d(r, 0) > 0 or d(0, r) > 0 for some r > 0;
3.3 semi-stable measures with respet to the weak generalized onvolution,
when d(r, s) = 0 for some r, s > 0;
3.4 (c, d)-pseudostable measures with respet to the weak generalized onvo-
lution, when d(r, s) > 0 for eah r, s > 0.
3.1 Measures stritly stable with respet to the weak
generalized onvolution
Denition 2 states that if d(r, s) = 0, for every r, s > 0, then the measure λ
is stritly stable with respet to ⊕µ. In this ase we do not need to assume
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that the measure µ is symmetri, so (2) leads to the equation
∀ r, s > 0 ∃ c(r, s) > 0 ∀t ∈ R ϕ(rt)ϕ(st) = ϕ(c(r, s)t). (3)
Equation (3) is the lassial one dening stritly stable distributions and
neither symmetry of the measure µ, nor homogeneity of the funtion c is
required to obtain that ϕ is the harateristi funtion of a stritly stable
distribution. This means that there exist p ∈ (0, 2], σ > 0 and β ∈ [−1, 1]
suh that
ϕ(t) =
{
exp
{−σp|t|p (1− βsgn(t) tan pip
2
)}
if p 6= 1,
exp {−σ|t|+ iµt} if p = 1.
Sine ϕ is the harateristi funtion of the random variable < ξ,Xθ>,
where L(X) = µ, L(θ) = λ , X and θ independent, then we obtain that every
one-dimensional projetion of the random vetor Xθ is stritly stable. This
implies (for details see e.g. Th. 2.1.5 in [21℄) that the index of stability does
not depend on ξ and the random vetor Xθ is stritly stable. In this way we
proved the following:
Theorem 2 Let µ be a non-trivial weakly stable distribution on E. If
λ ∈ P is stritly stable with respet to the weak generalized onvolution ⊕µ
then µ ◦ λ is stritly stable, i.e. µ and λ are fators of a stritly stable
distribution.
Example 1. Let U
n
be the random vetor with the uniform distribution
µ = ωn on the unit sphere Sn−1 ⊂ Rn (as well we an onsider here any
projetion U
n,k
of U
n
into Rk, k < n). The ωn-weakly Gaussian random
variable Γn is dened by the following equation:
U
n · Γn d= (X1, . . . , Xn) = X,
where U
n
and Γn are independent, X is an n-dimensional Gaussian random
vetor with independent identially distributed oordinates. It is known,
and it was already known to Shoenberg in 1938 (see [23℄), that for every
spherially invariant random vetor Y in Rn we have Y
d
= Un · ‖Y‖2, where
U
n
and ‖Y‖2 are independent. This implies that Γn is the distribution of
‖X‖2. Simple alulations show that Γn has the density given by
f2,n(r) =
2
2n/2Γ(n
2
)
rn−1e−r
2/2.
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For n = 2 this is the Rayleigh distribution with parameter λ = 2, thus the
Rayleigh distribution is ω2-weakly Gaussian. For n = 3 this is the Maxwell
distribution with parameter λ = 2, thus the Maxwell distribution is ω3-
weakly Gaussian. Reall that the generalized Gamma distribution with pa-
rameters λ, p, a > 0 (notation Γ(λ, p, a)) has density funtion given by
f(x) =
a
Γ(p/a)λp/a
xp−1 exp
{
−x
a
λ
}
, x > 0.
Thus we have that the generalized Gamma distribution Γ(λ, n, 2) is ωn-
weakly Gaussian.
Now let θnα be an ωn-weakly stritly α-stable random variable. ThenU
nθnα
is rotationally invariant α-stable random vetor for the vetor Un indepen-
dent of θnα. On the other hand every rotationally invariant α-stable random
vetor has the same distribution as Y
√
θα/2, where Y is a rotationally in-
variant Gaussian random vetor independent of the nonnegative variable θα/2
with the Laplae transform e−t
α/2
. Finally we have
U
n · θnα d= UnΓn
√
θα/2,
forU
n
, Γn and θα/2 independent. This implies that the density of a ωn-weakly
stritly α-stable random variable θnα is given by
fα,n(r) =
∫ ∞
0
f2,n
(
r√
s
)
1√
s
fα/2(s)ds.
In partiular, if we take α = 1 then
f1/2(s) =
1√
2π
x−3/2e−1/(2x), x > 0.
Simple alulations and the dupliation formula
√
πΓ(2s) = 22s−1Γ(s)Γ
(
s+
1
2
)
, s > 0,
show that
f1,n(r) =
22−nΓ(n)
Γ(n/2)Γ(n/2)
rn−1
(r2 + 1)(n+1)/2
, r > 0,
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is the density funtion of the ωn-weakly stritly Cauhy distribution.
Remark 3. Finally we get the following interesting statement:
If X is a nonnegative random variable with the density funtion fα,n, or
if X is a random variable suh that L(|X|) has the density fα,n and X ′ has
also this property, then the random variable
Y = ‖XUn +X ′U′n‖2
has the density 2−1/αfα,n
(
x · 2−1/α), i.e. Y d= 21/α|X|.
Remark 4. Spherially invariant (or spherially generated, or rotationally
invariant) measures, mentioned in Example 1, are extensively studied and ap-
plied in stohasti modeling. More information about suh measures an be
found in [6℄. It is worth mentioning here that in 1963 J.F.C. Kingman (see
[10℄) onstruted an independent inrements, two-dimensional (in the sim-
plest ase) stohasti proess {Xt: t > 0}, where inrements are spherially
invariant. This proess is assoiated to {Yt = ‖Xt‖2: t > 0}, desribing the
distane of the partile to the origin, has inrements independent in the sense
of the ω2-weak generalized onvolution, but obviously, these inrements are
not independent in the usual sense. This paper was an important part of the
original motivation for Urbanik's generalized onvolution.
The next theorem gives the full haraterization of γα-weakly stritly
stable distribution λ for γα stritly α-stable. Reall that among stable dis-
tributions only stritly stable distributions are weakly stable and, exept the
symmetri ase, only R+-weak stability an be onsidered, i.e. onstants
a, b, c in denition of weakly stable distribution shall be positive (for details
see [17℄). Non-symmetri stable distributions are not weakly stable on R.
Theorem 3 Let γα be a stritly α-stable distribution on R
n
. Then the
following onditions are equivalent:
1. λ is γα-weakly stritly stable;
2. λ = L(aθ1/αp ) for some a > 0, p ∈ (0, 1] and θp is a positive random
variable with Laplae transform Ee−tθp = e−t
p
if p ∈ (0, 1), and θ1 ≡ 1;
3. γα ◦ λ = Taγαp for some αp-stritly stable distribution γαp and some
numbers a > 0 and p ∈ (0, 1).
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Proof. By Theorem 2 we have that ondition 1 implies that the sale
mixture γα ◦ λ is stritly stable; thus 1 implies 3. Evidently 2 yields 1. The
impliation 3 ⇒ 2 follows from [3℄, where M. Borowieka-Olszewska proved
that the sale mixture of stritly α-stable distribution is stable if and only if
the mixing distribution λ equals L(aθ1/αp ) for some a > 0 and p ∈ (0, 1]. ✷
3.2 -selfdeomposable measures with respet to the
weak generalized onvolution
The ase whih we are onsidering here seems to be rather unrealisti but it
leads to a very interesting lass of distributions and, beause of this, is worth
inluding.
Assume, for instane, that for some r > 0 we have d(r, 0) 6= 0, and so,
by the homogeneity ondition d(1, 0) 6= 0. If now c(1, 0) = 0, then we would
have ϕ(t) = ψ(d(1, 0)t), t ∈ R, and the orresponding measure λ would be
onentrated at a point. This ase is onsidered as trivial. Thus assume
also that c(1, 0) 6= 0. Now, putting α = c(0, 1) and β = d(0, 1), we see that
α, β > 0 and (ϕ, ψ) is a solution of the funtional equation
ϕ(t) = ϕ(αt)ψ(βt).
This realls the denition of b-semi-selfdeomposable distributions, whih in
the book of Sato [22℄ was given in the following way:
A non-trivial probability measure ν is semi-selfdeomposable if there exist
a number b > 1 and an innitely divisible probability measure ρb suh that
ν̂(t) = ν̂(b−1t)ρ̂b(t), t ∈ R.
Notie that the ondition b > 1 an be omitted if we are talking about
nontrivial distributions. If b = 1, then the ondition holds for any ν with the
trivial measure ρ1 = δ0. For b < 1, notie rst that
ν̂(t) = ν̂(b−1t)ρ̂b(t) = ν̂(b
−2t)ρ̂b(b
−1t)ρ̂b(t)
= . . . = ν̂(b−nt)
n−1∏
j=0
ρ̂b(b
−jt).
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Substituting t→ bnt, we obtain
ν̂(bnt) = ν̂(t)
n−1∏
j=0
ρ̂b(b
n−jt).
The left hand side of this formula tends to 1 when n→∞; thus there exists
also the orresponding limit of the right hand side. Sine absolute values of
all the funtions here are bounded from above by 1, this equality holds only
if for every t ∈ R
|ν̂(t)| = lim
n→∞
∣∣∣∣∣
n−1∏
j=0
ρ̂b(b
n−jt)
∣∣∣∣∣ = 1,
whih is impossible as ν is non-trivial.
In our ase ν̂ = ϕ, b−1 = α and ρ̂b = ψ(β·), but we annot assume that ψ
is an innitely divisible harateristi funtion. All we know is that ψ is the
harateristi funtion of some nontrivial weakly stable distribution. Notie
that
ϕ(t) = ϕ(αnt)
n−1∏
j=0
ψ(βαjt) =
∞∏
j=0
ψ(βαjt),
sine we have already shown that α < 1. Now we see that ϕ is the hara-
teristi funtion of the random variable
Y = β
∞∑
j=0
αjXj,
where Xj , j = 0, 1, . . ., are independent opies of the variable X with dis-
tribution µ. Sine the lass {µ ◦ λ:λ ∈ P} of mixtures of the weakly stable
distribution µ forms a set whih is weakly losed and losed under onvolution
and resaling, we see that Y
d
= Xθ for some θ independent of X , L(θ) = λ,
under the assumption that the series dening Y onverges in distribution.
Now let us aept
Denition 3 Let X be a non-trivial weakly stable random vetor with the
distribution µ and let α ∈ (0, 1). A random variable θ (or its distribution) is
α−1-selfdeomposable in the sense of the generalized weak onvolution ⊕µ if
there exists a random variable Q suh that
θ = (αθ)⊕µ Q.
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The previous onsiderations show that the following proposition holds:
Proposition 1 Let X be a non-trivial weakly stable random vetor with
the distribution µ, α ∈ (0, 1) and let θ be α−1-selfdeomposable in the sense of
the weak generalized onvolution ⊕µ. Assume that X and θ are independent.
Then
• if θ = (αθ)⊕µ β, then the random variable θ is uniquely determined by
the ondition
Xθ
d
= β
∞∑
j=0
αjXj,
where Xj's are independent opies of X.
• if θ = (αθ) ⊕µ Q for some non-trivial random variable Q, then θ is
uniquely determined by the ondition
Xθ
d
=
∞∑
j=0
αjXj Qj ,
whereXj's are independent opies of X and Qj's are independent opies
of Q suh that (Xj)j∈N and (Qj)j∈N are independent.
In the ase when X has stritly p-stable distribution, we have that the
series dening Y onverges at least in distribution, and
Y = β
∞∑
j=0
αjXj
d
=
( ∞∑
j=0
αjp
)1/p
X = (1− αp)−1/pX.
Thus the random variable θ exists and P{θ = (1− αp)−1/p} = 1, whih we
onsider as a trivial solution.
Let X = Un,1 with the distribution ωn,1 be the one-dimensional margin
of the vetor U
n
with the uniform distribution on the unit sphere in Rn.
Then we have EUn,1 = 0 and VarUn,1 6 1 < ∞. Thus the series dening Y
onverges in L2, so also almost everywhere. Thus the random variable Y is
well dened, and there exists θn suh that
Xθn
d
= β
∞∑
j=0
αjXj .
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In the ase n = 3 the variable U3,1 has the uniform distribution on the interval
[−1, 1], thus
ϕ(t) =
∞∏
j=0
sin (βαjt)
βαjt
.
Let G be the umulative distribution funtion for Y = U3,1θ3. Notie that
for every u ∈ [0, (1− α)−1]
G(u) = P {X1 + α (X2 + αX3 + . . .) < u/β} = P {X1 + αY ′ < u/β} ,
where Y ′ is a opy of Y independent of X1. One an also show that for every
u ∈ [−β(1− α)−1, β(1− α)−1] we have
βG′(u) = G
(
u+ β
α
)
−G
(
u− β
α
)
.
Moreover, G as the distribution funtion of a symmetri random variable has
the property G(−u) = 1−G(u) for every u ∈ R. G is also stritly inreasing
on [−β(1 − α)−1, β(1 − α)−1] and G(−β(1 − α)−1) = 0. Similar onditions
an be obtained onsidering Un,1 for an arbitrary n ∈ N.
3.3 Semi-stable measures with respet to the weak gen-
eralized onvolution
Let Z = {(r, s) ∈ (0,∞)2: d(r, s) = 0}. In this subsetion we assume that Z
is nonempty, postponing the ase Z = ∅ to the next setion. We assume also
that Z 6= (0,∞)2, sine the opposite ase was onsidered in setion 3.1.
Theorem 4 Let c, d: [0,∞)2 → [0,∞). Assume that Z 6= ∅ and Z 6=
(0,∞)2. Let ϕ, ψ:R → R be nontrivial harateristi funtions satisfying
equation (2). Then there exist p ∈ (0, 2] and even ontinuous funtions
H,K:R \ {0} → (0,∞) suh that
ϕ(t) = e−|t|
pH(t)
and ψ(t) = e−|t|
pK(t)
for every t ∈ R \ {0} and
H(rt) = H(st) = H(c(r, s)t) and K(rt) = K(st) = K(c(r, s)t)
for every t ∈ R \ {0} and (r, s) ∈ Z. Moreover,
rpH(rt) + spH(st) = c(r, s)pH(c(r, s)t) + d(r, s)pK(d(r, s)t)
for every t ∈ R \ {0} and r, s > 0 suh that c(r, s) > 0 and (r, s) 6∈ Z.
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Proof. Take any (r, s) ∈ Z. Then for every t ∈ R we have that ϕ(rt)ϕ(st) =
ϕ (c(r, s)t). The equality c(r, s) = 0 would imply that ϕ(rt)ϕ(st) ≡ 1 and
next ϕ ≡ 1. Thus c(r, s) > 0, whene ϕ satises the funtional equation
ϕ(t) = ϕ(at)ϕ(bt), (4)
where a := r/c(r, s) and b := s/c(r, s) are positive numbers. This implies,
in partiular, that ϕ is the harateristi funtion of an innitely divisible
distribution and, onsequently, it does not attain value zero. This property
an easily be proved diretly. First we verify that a, b < 1. Without loss
of generality we an assume that a > b. If a = 1, then by (4), ϕ(bt) = 1
for every t > 0, so ϕ would be identially one. Suppose that a > 1 and
take any u > 0 suh that ϕ(t) > 0 for every t ∈ (0, u). If t ∈ (0, u), then
a−1t, a−1bt ∈ (0, u) and thus by (4),
1 > ϕ(t) = ϕ(aa−1t) =
ϕ(a−1t)
ϕ(ba−1t)
> ϕ(a−1t),
whene, by indution,
1 > ϕ(t) > ϕ(a−nt), n ∈ N.
Now, using the ontinuity of ϕ, we dedue that ϕ(t) = 1 for every t ∈ (0, u),
and, onsequently, for every t > 0. Therefore a < 1 and b < 1. Suppose now
that there exists t0 > 0 suh that ϕ(t0) = 0. Then (4) gives ϕ(tn) = 0 for
eah n ∈ N, where
tn+1 = atn or tn+1 = btn, n ∈ N.
Sine a, b < 1 the sequene (tn)n∈N tends to zero and thus, by the ontinuity
of ϕ, we get ϕ(0) = 0, whih is impossible.
Now we an dene f = − lnϕ. The funtion f is non-negative, ontinuous
and even, f(0) = 0. Moreover, f as a logarithm of harateristi funtion
does not attain value zero in a viinity of zero. Clearly, f satises equation
(1). By Theorem 1 there exist p ∈ (0,∞) and an even ontinuous funtion
H :R \ {0} → (0,∞) suh that for every t ∈ R \ {0}
f(t) = |t|pH(t) and H(rt) = H(st) = H(c(r, s)t).
Consequently,
ϕ(t) = e−|t|
pH(t), t ∈ R \ {0}.
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Now we show that p and H do not depend on the hoie of the point (r, s) ∈
Z. Indeed, as H(at) = H(bt) = H(t) for every t ∈ R \ {0}, it follows from
(4) that ap+ bp = 1. This and the relation a, b ∈ (0, 1) fore that p, and then
onsequently H , in the representation of f are unique.
We see now that ϕ is the harateristi funtion of a semi-stable dis-
tribution (see eg. [22℄, Chapter 3) with the harateristi exponent p, and
onsequently p ∈ (0, 2].
Now take any (r0, s0) ∈ (0,∞)2 \ Z. Then we have
ϕ(a0t)ϕ(b0t) = ϕ(c0t)ψ(t), t ∈ R,
with a0 = r0/d(r0, s0), b0 = s0/d(r0, s0), c0 = c(r0, s0)/d(r0, s0). Sine ϕ is
positive, so is ψ. Dene g:R→ R by g = − lnψ. The last ondition implies
now that
g(t) = |t|p (ap0H(a0t) + bp0H(b0t)− cp0H(c0t)) , t ∈ R \ {0},
so it is enough to deneK byK(t) = ap0H(a0t)+b
p
0H(b0t)−cp0H(c0t). Observe
that g is positive in a viinity of zero. Thus, as it satises equation (1) like f ,
it follows from Lemma 3 that g is positive. Sine g(t) = |t|pK(t), t ∈ R\{0},
also K is positive. To obtain the nal assertion it is suient to insert the
forms of ϕ and ψ into the equation. ✷
Corollary 1 Let c, d: [0,∞)2 → [0,∞). Assume that d(r, s) > 0 for some
r, s > 0 and the group generated by the set {r/s: (r, s) ∈ Z} is dense in (0,∞).
Let ϕ, ψ:R→ R be nontrivial harateristi funtions satisfying equation (2).
Then there are p ∈ (0, 2] and A,B > 0 suh that
ϕ(t) = exp{−A|t|p}, ψ(t) = exp{−B|t|p}, t ∈ R,
and
A
(
rp + sα − c(r, s)p
)
= Bd(r, s)p, r, s > 0.
Proof. Observe that given a funtion G:Rr {0} → R the set
{r/s: r, s ∈ (0,∞), G(rt) = G(st) for eah t ∈ Rr {0}}
is a subgroup of the group ((0,∞), ·). By Theorem 4 we know that H(rt) =
H(st) and K(rt) = K(st) for all (r, s) ∈ Z and t ∈ R \ {0}. Thus the
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density assumption and the ontinuity of the funtions H and K imply that
H and K are onstant and inserting the form of ϕ and ψ into (2) implies the
assertion. ✷
Remark 3. As follows from Remark 1 the density assumption in Corollary
1 is satised in eah of the following ases onerning the set Z of all zeros
of the funtion d:
- interior of Z is non-empty;
- there are (r1, s1), (r2, s2) ∈ Z suh that ln (r1/s1)/ln (r2/s2) is irrational;
- limn→∞ rn/sn = 1 for some points (rn, sn) ∈ Z with rn 6= sn, n ∈ N.
Remark 5. Notie that in the ase of onstant funtions H ≡ A and
K ≡ B we an arbitrarily hoose the funtion c: [0,∞)2 → [0,∞) suh that
c(r, s) 6 ‖(r, s)‖p, and dene d by
d(r, s)p =
C
A
(
rp + sp − c(r, s)p
)
.
Remark 6. Reall that a random variable X with the harateristi fun-
tion φ is semi-stable if there exist onstants r, b, c > 0 suh that for eah
t ∈ R
φ(t)r = φ (ct) eibt.
Notie that if X is semi-stable with onstants r, b, c then X + b
r
(c − 1) is
semi-stable with onstants r, 0, c, thus without lost of generality, we an
assume that X is semi-stable if this ondition holds for b = 0. More about
semi-stable variables, inluding anonial form of the harateristi funtion,
Lévy-Khinthine representation and examples, one an nd in [22℄.
Sometimes (see eg. [2℄) authors assume that r is a natural number greater
than 1. Suh denition do not over all the possible semi-stable variables,
but it has a very natural interpretation: there exists r ∈ N and a positive
onstant c > 0 suh that
X1 + . . .+Xr
d
= cX,
where X1, . . .Xr are independent opies of X . It was shown in [2℄ that
branhing proesses provides a large lass of semi-stable distributions our-
ring naturally.
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3.4 (c, d)-pseudostable measures with respet to the weak
generalized onvolution
Equation (2) was disussed by K. Oleszkiewiz in [19℄ in the speial ase
when µ is a symmetri Gaussian distribution on R and by J. Misiewiz and
G. Mazurkiewiz (see [16℄) in the ase when µ is a symmetri p-stable distri-
bution on R for some p ∈ (0, 2). In both ases they have obtained that the
funtion ϕ has to be of the form
ϕ(t) = ϕC,D,q,p(t) = exp {−C|t|q −D|t|p}
for some nonnegative numbers C,D and some q > 0. The problem is that
not all ongurations of these three parameters are available in the sense
that for q > 2 and some numbers C,D the funtion ϕC,D,q,p is not positive
denite and, onsequently, it annot be a harateristi funtion. Otherwise
we would take Dn → 0 for n → ∞ and then ϕC,Dn,q,p(t) → exp{−C|t|q}
would be positive denite, whih, however, is impossible for q > 2. This
argument shows that for any xed q > 2 and C = 1 the numbers D have to
be greater than some positive number.
Maybe it is more interesting that for some parameters C,D > 0 and some
q > 2 the funtion ϕC,D,q,p is positive denite. It was shown in [19℄ and [16℄
that for every r, s > 0
c(r, s) = ‖(r, s)‖q = (rq + sq)1/q , d(r, s)p = D
C
(‖(r, s)‖pp − ‖(r, s)‖pq) .
Sine d is nonnegative we have to require that ‖(r, s)‖p > ‖(r, s)‖q for all
r, s > 0, whih implies that q > p, thus we have the following
Proposition 2 Let p ∈ (0, 2] and q > 0. If the pair (ϕC,D,q,p, γ̂p) ∈ Φ2 is
a solution of equation (2) for some C,D > 0 then q > p.
Nevertheless, for all 0 < p, q 6 2 and every hoie of the parameters
C,D > 0 the funtion ϕC,D,q,p is a harateristi funtion as a produt of a
symmetri p-stable and a symmetri q-stable harateristi funtions.
In [19℄ Oleszkiewiz proved that
• for q ∈ (2, 4] ∪⋃∞k=2[4k − 2, 4k] none of the funtions ϕC,D,q,2 an be a
harateristi funtion;
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• for q ∈ ⋃∞k=1(4k, 4k+2) it is possible to nd c, d > 0 suh that ϕC,D,q,2
is a harateristi funtion.
In [16℄ Mazurkiewiz and Misiewiz proved that for 0 < p 6 1, q > 2 one an
nd C,D > 0 suh that ϕC,D,q,p is a harateristi funtion.
Notie that in the situation onsidered here the information that for xed
parameters the funtion ϕC,D,q,p is a harateristi funtion does not mean
yet that the pair (ϕC,D,q,p, γ̂p) is a solution of equation (2), sine we have also
the assumption (ϕC,D,q,p, γ̂p) ∈ Φ2, that is for some λ ∈ P+
ϕC,D,q,p(t) =
∫
[0,∞)
exp {−|t|psp} λ(ds), t ∈ R.
Substituting |t|p → t and α = q/p we would have
exp {−Ctα −Dt} =
∫
[0,∞)
exp {−t sp}λ(ds), t > 0,
whih means that the funtion [0,∞) ∋ t → exp {−Ctα −Dt} would be
ompletely monotoni as the Laplae transform of the random variable θp,
where θ has the γp-weakly stable distribution λ with symmetri p-stable γp.
Proposition 3 Let C,D > 0, p ∈ (0, 2] and q ∈ ⋃∞k=1((2k − 1)p, 2kp).
Then none of the pairs (ϕC,D,q,p, γ̂p) is a solution of equation (2).
Proof. Let w(t) = Ctα + Dt for every t > 0, where α = q/p. If
(ϕC,D,q,p, γ̂p) is a solution of equation (2) in the lass Φ2 then the formula
g(t) = exp{−w(t)} denes a ompletely monotoni funtion on the positive
half-line. We see that g′(t) = −w′(t)g(t) < 0 for every t > 0. The seond
derivative takes the form
g′′(t) = g(t)
[
(w′(t))2 − w′′(t)] .
Sine α = q/p > 1, w′′(t) = Cα(α − 1)tα−2 for every t > 0 and w′(0+) = d
then for α ∈ (1, 2) we obtain
lim
t→0+
g′′(t) = −∞,
whih means that g is not a ompletely monotone funtion.
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Consider now k ∈ N, k > 1, and let α ∈ ((2k−1), 2k). The (2k)-derivative
of the funtion g an be written in the following form:
g(2k)(t) =
[
h2k(t)− w(2k)
]
g(t),
where h1(t) ≡ 0, and for every m ∈ N
hm+1(t) = h
′
m(t)−w′(t)
[
hm(t)− w(m)(t)
]
, w(m)(t) = C
m−1∏
j=0
(α− j) · tα−m.
It is easy to see that h2k(t) is a linear ombination of elements of the form
tβj with either βj > α − 2k + 1, or βj = 0 for every j, thus h2k(0+) is nite
for α ∈ ((2k − 1), 2k). We see also that w(2k)(0+) = +∞, so g(2k)(0+) =
−∞, whih means that g annot be ompletely monotoni, ontrary to our
assumptions. ✷
Proposition 4 Let C,D > 0, p ∈ (0, 2] and q > p. If (ϕC,D,q,p, γ̂p) ∈ Φ2
is a solution of equation (2), then for eah α ∈ (0, 1) the pair (ϕC,D,qα,pα, γ̂pα)
is also a solution of equation (2) and belongs to Φ2.
Proof. It is easy to hek that the pair (ϕC,D,qα,pα, γ̂pα) satises equation
(2). Thus we shall only prove that the funtion ϕC,D,qα,pα is the mixture of
the funtion γ̂pα with respet to some measure from P+. To see this, observe
rst that by our assumptions there exists a measure λ ∈ P+ suh that
exp {−C|t|q −D|t|p} =
∫
[0,∞)
exp {−|t|psp} λ(ds), t ∈ R.
Let Xp be a symmetri stable random variable with the harateristi fun-
tion R ∋ t 7→ exp{−|t|p}, Q a random variable with distribution λ and θα
a positive random variable with Laplae transform [0,∞) ∋ t → exp{−tα}
suh that Xp, Q and θα are independent. Then we have
E exp
{
itXpθ
1/p
α Q
1/α
}
= E exp
{−|t|pθαQp/α}
=
∫
[0,∞)
exp {−|t|pαsp}λ(ds)
= exp {−C|t|qα −D|t|pα} = ϕC,D,qα,pα(t)
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for every t ∈ R. This shows that ϕC,D,qα,pα is a sale mixture of the funtion
γ̂pα with respet to the distribution of the random variable Q
1/α
, as required.
✷
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